Epidemiological models with nonlinear incidence rates can have very different dynamic behaviors than those with the usual bilinear incidence rate. The first model considered here includes vital dynamics and a disease process where susceptibles become exposed, then infectious, then removed with temporary immunity and then susceptible again. When the equilibria and stability are investigated, it is found that multiple equilibria exist for some parameter values and periodic solutions can arise by Hopf bifurcation from the larger endemic equilibrium. Many results analogous to those in the first model are obtained for the second model which has a delay in the removed class but no exposed class.
Introduction
Although the incidence rate (the rate of new infections) in most epidemiological models is bilinear in the infectious fraction I and the susceptible fraction S, actual incidence rates are probably not strictly linear in each variable over the entire range of I and S. For example, a less than linear response in I could occur due to saturation, where the infectious fraction is high so that exposure is very likely. The response could be greater than linear if the infectious fraction were very small or if multiple exposures were necessary for infection. These conceptual deviations from bilinear incidence would be difficult to verify through measurements of incidence rates or dynamical behavior. In general, data on infectious disease transmission are limited by measurement errors, asymptomatic cases, underreporting, stochastic environmental effects, expense, ethical considerations and other data collection difficulties. Although it is unlikely that nonlinear * Research supported in part by Centers for Disease Control Contract 200-87-0515. Support services provided at University House Research Center at the University of Iowa ** Research supported in part by NSERC A-8965 and the University of Victoria President's Committee on Faculty Research and Travel incidence could be verified or refuted using data, the conceptual possibilities make it imperative to investigate its effects on epidemiological models. The usefulness of epidemiological modeling concepts and applications depend on understanding the effects of changes in formulations on the behavior of solutions of the models.
Previous investigators cited below have shown that the qualitative dynamical behavior of epidemiological models with nonlinear incidence can be different from that of models with bilinear incidence. The latter exhibit the usual pattern in which the disease dies out (below the threshold) or approaches an equilibrium (above the threshold). Periodic solutions have been found for models with nonlinear incidence, even without periodic forcing. Here we investigate the effects of more general forms of nonlinear incidence on the dynamical behavior of two epidemiological models.
In these models a constant population is divided into disjoint classes based on disease status. At time t, let S(t) be the fraction of the population which is susceptible, E(t) be the fraction which is exposed but not yet infectious, I(t) be the infectious fraction, and R(t) be the fraction which is removed with immunity.
The first model considered is called an SEIRS model since susceptibles become exposed, then infectious, then removed and then susceptible again after the temporary immunity is lost. The vital dynamics are modeled by equal birth and death rates so that the total population is constant with all newborns entering the susceptible class. This model (Part I) consists of a system of nonlinear ordinary differential equations with a general nonlinear incidence rate flg(I)S instead of the usual bilinear incidence rate illS. If the exposed period is relatively short, then it can be eliminated so that susceptibles move directly to the infectious class. The second model (Part II) is an SIRS model with vital dynamics and a delay in the removed class corresponding to a constant period of temporary immunity. These models are analyzed together in this paper since the equilibria and stability results are quite similar.
Nonlinear incidence rates of the form fliPS q in ordinary differential equation SEIRS models with vital dynamics were investigated by Liu et al. (1986 Liu et al. ( , 1987 .
They found that the dynamical behavior is not qualitatively altered by changing q from one, but it is altered significantly by changing p from one. For p > 1 they found multiple equilibria for some parameter values and periodic solutions arising by Hopf bifurcation for certain parameter values. More general forms of nonlinear incidence are considered in the first model here in order to better understand which forms of nonlinear incidence rates can lead to periodic solutions.
Models of SIR, SIRS and SEIS types with bilinear incidence and time delays were considered by Hethcote and Tudor (1980), Hethcote et al. (1981a,b) and van den Driessche (1983) . They found that sufficiently long time delays corresponding to temporary immunity in SIRS models can lead to periodic solutions. Since nonlinear incidence and time delays in the removed class can each lead to periodic solutions, Hethcote et al. (1989) investigated an SIRS model with both nonlinear incidence fliPS and a time delay in the removed class (but without vital dynamics) in order to explore possible synergistic effects on the periodic solutions. This work is extended here by considering an SIRS model with a general nonlinear incidence rate flg(I)S, a time delay in the removed class and vital dynamics. Again the goal is to investigate which forms of nonlinear incidence can yield periodic solutions.
The effects of the formulation of epidemiological models on the global dynamical behavior of the solutions is important to epidemiological modelers.
